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(1) Ìí-âî âñåõ âåùåñòâåííûõ ÷èñåë ñ îïåðàöèåé ñëîæåíèÿ (R, +) è ìí-âî
âñåõ ïîëîæèòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë ñ îïåðàöèåé óìíîæåíèÿ (R+, ·)
èçîìîðôíû.

Ðàññìîòðèì ôóíêöèþ f : ∀a ∈ R f : a → 2a

Òîãäà, f(a + b) = 2(a+b) = 2a ∗ 2b = f(a) ∗ f(b)
(2) Ïðîâåðèòü, ÷òî èçîìîðôèçì àëã. ñòðóêòóð ÿâëÿåòñÿ îòíîøåíèåì

ýêâèâàëåíòíîñòè íà ìí-âå âñåõ âîçìîæíûõ àëã. ñòð.
Ïóñòü (M, ◦), (N, ∗) � èçîìîðôíûå àëã. ñòð. è ϕ : M → N, ϕ(a◦b) =
ϕ(a) ∗ ϕ(b)

• ðåôëåêñèâíîñòü: èçîìîðôèçìîì ÿâë. òîæäåñòâåííîå îòîáðàæåíèå ϕ :
M → M , ïðè êîòîðîì êàæäûé ýëåìåíò ìí-âà îòîáðàæàåòñÿ â ñåáÿ;

• êîììóòàòèâíîñòü: åñëè ϕ : M → N � èçîìîðôèçì, òî ϕ−1 : N → M �
òàêæå èçîìîðôèçì (èç îáðàòèìîñòè ëþáîé áèåêöèè):

∀a, b ∈ M ϕ(a) = a′, ϕ(b) = b′ (a′, b′ ∈ N)

a ◦ b ⇒ a′ ∗ b′

Â îáðàòíóþ ñòîðîíó:

∀a′, b′ ∈ N ϕ−1(a′) = a, ϕ−1(b′) = b (a, b ∈ M)

a′ ∗ b′ ⇒ a ◦ b

• òðàíçèòèâíîñòü: ðàññìîòðèì ìí-âà M, N, L òàêèå, ÷òî M èçîìîðôíî N ,
à N èçîìîðôíî L:

∃ϕ : M → N, ∃µ : N → L

Äîêàæåì, ÷òî êîìïîçèöèÿ f = µ ◦ ϕ, äåéñòâóþùàÿ èç M â L, òîæå ÿâë.
èçîìîðôèçìîì:
(a) f � áèåêöèÿ, ïîñêîëüêó ÿâë. êîìïîçèöèåé áèåêöèé µ è ϕ;
(b) (M, ◦), (N, ∗), (L, •)

åñëè ∀a, b ∈ M a ◦ b, òî a′ ∗ b′ (a′ = ϕ(a), b′ = ϕ(b));
åñëè ∀a′, b′ ∈ N a′ ∗ b′, òî a′′ • b′′ (a′′ = µ(a′), b′′ = µ(b′)).

a′′ = µ(a′) = µ(ϕ(a)) = f(a)

b′′ = µ(b′) = µ(ϕ(b)) = f(b)

Îòñþäà ïîëó÷àåì: f(a ◦ b) = f(a) • f(b)
(3) Ïóñòü X � ïðîèçâîëüíîå ìí-âî; 2X � ìí-âî åãî ïîäìí-â. Ïðîâåðèòü, ÷òî

ìí-âî 2X ÿâëÿåòñÿ êîëüöîì îòíîñèòåëüíî îïåðàöèé ñèììåòðè÷åñêîé ðàçíîñòè
è ïåðåñå÷åíèÿ, âçÿòûõ â êà÷åñòâå ñëîæåíèÿ è óìíîæåíèÿ ñîîòâåòñòâåííî.
Êàêîå ýòî êîëüöî?

...ïðîâåðèòü êîììóòàòèâíîñòü è àññîöèàòèâíîñòü ñëîæåíèÿ,
îïðåäåëèòü îáðàòíóþ ê ñëîæåíèþ îïåðàöèþ, óñòàíîâèòü ñâÿçü
ñëîæåíèÿ è óìíîæåíèÿ ç-íîì äèñòðèáóòèâíîñòè...

(4) Äîê-òü, ÷òî ìí-âî ÷èñåë âèäà a + b
√

2, ãäå a, b ∈ Q, ÿâëÿåòñÿ êîëüöîì
îòíîñèòåëüíî îáû÷íûõ îïåðàöèé ñëîæåíèÿ è óìíîæåíèÿ.
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...óñòàíîâèòü çàìêíóòîñòü îïåðàöèé, îïðåäåëèòü íîëü è îáðàòíóþ
îïåðàöèþ ê ñëîæåíèþ...

(5) Ñîñòàâèòü òàáëèöó Êýëè äëÿ îïåðàöèè âû÷èòàíèÿ èç 5 ýëåìåíòîâ.
(6) Íà ìí-âå {1, ..., 100} ðàññìîòðåíà îïåðàöèÿ ñëîæåíèÿ. Äëÿ êàêîãî ÷èñëà ïàð

îíà îïðåäåëåíà?
Ñîñòàâëÿåì òàáë. Êýëè è ïî íåé óñòàíàâëèâàåì, ÷òî

n =
(1 + 99)(99)

2
= 4950

(7) Íà ìí-âå
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ïðîâåðèòü, ÷òî êîìïîçèöèÿ ÿâëÿåòñÿ áèíàðíîé îïåðàöèåé.
...ïðè ïîìîùè òàáë. Êýëè...

(8) M1�íàòóðàëüíûå íå÷¼òíûå, M2�íàòóðàëüíûå ÷¼òíûå. Êàêèå èç àëã. ñòð.
(N, ·), (M1, ·), (M2, ·) èçîìîðôíû.

(9) Îïðåäåëåíû ëè íà ìí-âàõ N, Z, Q,Q+, R, R+ ñëåäóþùèå îïåðàöèè:
(a) a ◦ b → a

b
(b) a ◦ b → ab− ba

(10) Àññîöèàòèâíà ëè îïåðàöèÿ ◦ íà ìí-âå M , åñëè:
(a) M = N, x ◦ y = xy

(b) M = Z, x ◦ y = x− y
(c) M = N, x ◦ y =ÍÎÄ(x, y)

(11) Çàïèøèòå ïðè ïîìîùè ëîãè÷åñêèõ ñèìâîëîâ ñâ-âà áèíàðíûõ îïåðàöèé:
êîììóòàòèâíîñòü, íåêîììóòàòèâíîñòü, àññîöèàòèâíîñòü, íåàññîöèàòèâíîñòü.

(12) Â Q îïðåäåëåíà êàæäàÿ èç ñëåäóþùèõ îïåðàöèé:
(a) a ◦ b = a+b

2

(b) a ◦ b = a(a+1)+b(b+1)
2

(c) a ◦ b = a2 − 2ab + b2

Äëÿ êàêèõ ýë-òîâ èç N îïðåäåëåíû ðåçóëüòàòû ýòèõ îïåðàöèé.
(13) Ïîêàçàòü:

(a) [x, y]−1 = [y, x]
(b) [xy, z] = x[y, z]x−1[x, z]

[x, y]−1 = (xyx−1y−1)−1 = yxy−1x−1 = [y, x]

[xy, z] = xyz(xy)−1z−1 = xyzy−1x−1z−1 = x(yzy−1z−1)zx−1z−1 =

= x[y, z]zx−1z−1 = x[y, z]x−1xzx−1z−1 = [y, z]x−1[x, z]

(14) Äîê-òü, ÷òî åñëè â ãðóïïå G äëÿ êàæäîãî ýëåìåíòà âûïîëíÿåòñÿ: a2 = e, òî
ãðóïïà G � àáåëåâà.

Ïîñêîëüêó G�ãðóïïà, òî:
1. aa = e, aaa−1 = ea−1, a = a−1

2. ab = (ab)−1 = b−1a−1 = ba

(15) Äîê-òü, ÷òî ìí-âî ô-öèé âèäà y = ax+b
cx+d , ãäå a, b, c, d ∈ R, ad− cb 6= 0 ÿâëÿåòñÿ

ãðóïïîé îòíîñèòåëüíî êîìïîçèöèè.
(16) Äîê-òü, ÷òî ëþáàÿ ãðóïïà, ñîñòîÿùàÿ èç òð¼õ ýëåìåíòîâ, àáåëåâà.

Ïóñòü G = {a, b, c}�ãðóïïà. Òîãäà,
1) Ïóñòü äëÿ îïðåäåë¼ííîñòè e = a. Òîãäà

ba = ab = b, (1)
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ca = ac = c, (2)

2) Íàéä¼ì äëÿ b îáðàòíûé ýë-ò: bb−1 = a
Ïîñêîëüêó b−1 ∈ G, òî âîçìîæíî òðè âàðèàíòà äëÿ b−1:
b−1 = a, íî òîãäà a = bb−1 = ba, ò.å. b � åäèíè÷íûé ýë-ò, ÷åãî íå
ìîæåò áûòü, ïîñêîëüêó â ãðóïïå åäèíè÷íûé ýë-ò åäèíñòâåíåí;
b−1 = b, òîãäà bb−1 = b2 = a = e ⇒ G � àáåëåâà ãðóïïà (ïî ðàíåå
äîêàçàííîìó);
b−1 = c, òîãäà bb−1 = bc = a, cc−1 = cb = a ⇒ bc = cb (3). Ñîãëàñíî
ñîîòíîøåíèÿì (1), (2) è (3) ãðóïïà G � àáåëåâà

(17) Äîê-òü, ÷òî ëþáàÿ öèêëè÷åñêàÿ ïîäãðóïïà àáåëåâà (äàæå åñëè ãðóïïà áûëà
íåàáåëåâà).

(18) Äîê-òü, ÷òî âñå ãðóïïû ïîðÿäêà 3 èçîìîðôíû ìåæäó ñîáîé.
(19) Ïóñòü G � öèêëè÷åñêàÿ ãðóïïà, |G| = 15. Îïðåäåëèòü ÷èñëî å¼ ýë-òîâ òàêèõ,

÷òî {x} = G.
n = ϕ(15) = 8, ãäå ϕ(k) � ôóíêöèÿ Ýéëåðà, ïîêàçûâàþùàÿ êîë-âî
÷èñåë äî k âçàèìíîïðîñòûõ ñ k.


	

